Abstract. The fundamental frequencies of the variable thickness truncated conical shells with different boundary conditions are studied by combining the vibration theory with the generalized differential quadrature method which is applied to discrete the derivatives in the governing equations. The discretization of the system leads to a standard linear eigenvalue problem. The coefficients of the governing equations are obtained by theoretical derivation and different boundary conditions are considered. The work can provide the theoretical evidences to design the conical shell for good structural performance.
Introduction
The truncated conical shell structures have increasingly been used in many fields such as space flight, rocketry, aviation and submarine technology, etc. Therefore, the frequency characteristics of the truncated hollow conical shell must be studied for safety and stability reasons. Maximization of the natural frequencies is good for vibration reduction, which is favorable for decreasing both of the steady state and transient response of the structure being excited. The available literature dealing with vibration of shells shows that great efforts have been devoted to this area, although much work is still needed to cover some other aspects. The majority of the existing literature describes the vibration analysis for thin conical shells and is based upon the Rayleigh-Ritz method and numerical integration method (Talebitooti et al.2010; Ye et al. 2014 ). Soedel (1993) studied the equations of motion for circular cylindrical and conical shells based on Rayleigh-Ritz principle. Siu and Bert(1970) have applied the Rayleigh-Ritz method to compute the frequencies for the free vibration of isotropic conical shells. Wang et al (1997) have also used the Ritz polynomial functions for axial modal dependence to analyze ring-stiffed cylindrical shells. These appeared to provide a good convergence to the Rayleigh-Ritz method. The work of Goldberg et al (1970) and Kalnins (1964) is aimed at the vibration analysis of isotropic conical shells by the numerical integration method. In some other works, Irie et al (1982 Irie et al ( ,1984 studied the free vibration of conical shells to obtain the natural frequencies with variable thickness by using the matrix transfer method for a given set of boundary conditions. Cheung et al (1989) developed a spline finite strip method and studied the free vibration of singly curved shells. The power series expansion approach was used by Tong (1993a Tong ( ,1993b to study the free vibration of orthotropic and composite laminated conical shells. The finite element method is widely used to obtain the computed eigenfrequencies of conical shells based on the numerical discretization of partial diffential equations (Sivadas et al.1991 (Sivadas et al. ,1992 Dey et al,2014) . The collocation method was implemented to solve the associated eigenvalue problem.
The majority of the existing literature describes the vibration analysis for uniform thickness conical shells. The literature that deals with the free vibration of variable thickness conical shells is comparatively few. In this paper, fundamental frequencies of truncated hollow conical shells with a set of boundary conditions and different variable thickness modes are investigated in detail by combining the vibration theory with the generalized differential quadrature(GDQ) method. In the GDQ method, the derivatives in both the governing equations and the boundary conditions are discretized. Four sets of boundary condition are considered. Figure 1 . Geometry of the truncated conical shell with variable thickness. Figure 1 shows the geometry of a variable thickness truncated circular conical shell with semi-vertex cone angle  . The variation of the conical shell thickness, ( ) h x is considered as a power function expressed by the relation:
Governing Equations
(1) where 1 h and 2 h are the shell thickness at the small and large edges, respectively. L is the slant length of the shell. Shells with uniform, linear or parabolic thickness distribution shall have values of integer exponent m equal to 0, 1 or 2, respectively. The equilibrium equation of motion in terms of the force and moment resultants can be written as
is the density per unit length. Moment resultants and in-surface force can be obtained by
Based on the two-dimensional Hooke's law, the stress vector is defined by ( ) ( , , )
and can be written as 11 12 12 22
is the strain vector. The stiffness ij Q is defined as 11  12  22  66  2  2  2 , , ,
where E and  are the Young's modulus and Poisson's ratio of the shell material. Based on the Love's first approximation theory, the strain components of this vector are defined as linear function of the normal coordinate z , namely
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, ,2    are, respectively, the strain and curvature vectors of the reference surface which are defined by
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(15) By substituting Eqs (7)-(15) into Eqs (5)-(6), the force and moment resultants can be obtained as ( ) 
The displacement field can be expressed in shell coordinates  
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(23) The coefficients ijk S are given in the appendix. In this study, the following two types of boundary conditions are considered. For a simply supported end (SS)
Generalized Differential Quadrature(GDQ)
The GDQ method developed by Shu et al is numerical algorithm to approximate the solution of a partial differential equation based on the analysis of a high order polynomial approximation and the analysis of a linear vector space. For generality, GDQ chooses two sets of base polynomial to determine the weight coefficients. The weighting coefficients of the first order derivative are computed by a simple algebraic formulation while the weighting coefficients of the second and higher order are given by a recurrence relationship. For a smooth function ( , ) f x t , GDQ discretizes its nth order derivative with respect to x at the grid point i x , as
where N is the number of grid points in the x direction, i x is the coordinate of the grid point, ( ) n ik c are the weighting coefficients to be determined. For the first order weighting coefficients
For the second and higher order weighting coefficients ( 1) ( ) ( 1) (1) , , 1, 2, , ,
In the following, the fundamental eigenfrequency of the isotropic variable-thickness conical shell is studied under four sets of boundary conditions, namely, the simply supported small and large ends (SS-SS); the simply supported small end and clamped large end (SS-C); the clamped small end and simply supported large end (C-SS); and the clamped small and large ends(C-C). The GDQ method is applied to discretize the derivatives in the governing equations and the boundary conditions. For the spatial discretization, the coordinates of grid points are chosen as
The governing equations (21-23) can be spatially discretized by using the GDQ method and becomes (1) (2) (1) (1)  2  110  111  112  120  121  130  131  1 
(1) 
After spatial discretization, for simplicity, the boundary condition of the simply supported small end and clamped large end (SS-C) is considered and the boundary condition (SS) at the small end can be written as 
The boundary condition (C) discretized by GDQ at the large end can be written as
The boundary condition equations can be coupled to provide the solutions 1
( 
By substituting boundary condition equations into governing equations, the eigenvalue equation system can be obtained
where     2  1  2  1  3  2 , , , , , , , ,
.Solving the eigenvalue of matrix   A provides the nature frequencies of the conical shells.
Conclusions
In this paper, an analysis is presented for the free vibration of truncated conical shells with variable thickness. Four sets of boundary conditions, namely, the simply supported small and large ends (SS-SS); the simply supported small end and clamped large end (SS-C); the clamped small end and simply supported large end (C-SS) and the clamped small and large ends(C-C) are considered. In the presented study, the thickness modes of the truncated shells include uniform thickness distribution, linear thickness distribution and parabolic thickness distribution. The shell governing equations are established using Love's first approximation thin shell theory. The generalized differential quadrature method is applied to discretize the derivatives in the governing equations and different boundary conditions.
